ON THE STOCHASTIC BEHAVIOR OF OPTIONAL PROCESSES UP TO 

RANDOM TIMES 

CONSTANTINOS KARDARAS 

Abstract. In this paper, a study of random times on filtered probability spaces is undertaken. The 

main message is that, as long as distributional properties of optional processes up to the random 

^O \ time are involved, there is no loss of generality in assuming that the random time is actually a 

randomized stopping time. This perspective has advantages in both the theoretical and practical 






study of optional processes up to random times. Applications are given to the stochastic behavior 
of processes up to times of overall maximum and last-passage times in the context of downwards 
drifting Levy processes with no positive jumps, as well as downwards transient diffusions. 

CM 
o3 ■ Introduction 



Discussion. Consider a filtered measurable space (ft, F), where F = (J r t)t&R + is a right-continuous 
filtration, as well as an underlying sigma-algebra T over Q such that T D Too '■= VteK •^*' wnere 
the last set-inclusion may be strict. A random time is a [0, oo]-valued, ^-measurable random 
variable. The interplay between random times and the filtration F goes a long way back, with 
the pioneering work of [I], [5], [33] -- see also the volume [18]. Interest in random times has been 

£ ; s „, „ b — . * a Ppli ca ti „, m ^ -^ ^ - — 

^^ , form credit risk modeling — see, for example, [9], [21] and [17j . 

A common approach to constructing random times is via the use of randomized stopping times 
(also called Cox's method — see [22])- Let Q be a probability on (Q, J 7 ), and suppose that there 
exists an ^-measurable random variable U that is stochastically independent of J-'oo and has the 
standard uniform law under Q. For a given F-adapted, right-continuous and nondecreasing process 
K = (Kt)teM. + such that < K < 1, define the random time ip := inf {t G K+ | Kt > U}, where 
by convention we set ip = oo if the last set is empty. For such a duple (ip, Q), we say that ^ is a 
randomized stopping time on (SI, J 7 , F, Q). Randomized stopping times have several noteworthy 
properties: 
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• The independence of U and Foo under Q implies that Q[ip > t \ Ft] = 1 — Kt, for all 
t £ R+. Therefore, 1 — K represents the conditional survival process associated to t/j 
under any probability Q which makes U and Foo independent. The latter fact is useful in 
modeling — for example, since Q[ip < t] = Eq[JQ] holds for t £ R+, Q can be chosen in 
order to control the unconditional distribution of if), while keeping the conditional survival 
probabilities fixed. 

• Although ip is not a stopping time on (O, F), it is in some sense very close to being 
one. Indeed, ip is a stopping time of an initially enlarged filtration, defined as the right- 
continuous augmentation of (Ft V 0"([7)) ieK . Importantly, due to the independence of U 
and Foo under Q, each martingale on ($7, F, Q) is also a martingale on the space with 
the enlarged filtration -- in other words, the immersion property (|32j. |llj . also called 
hypothesis (H) in [5]) holds. This opens the door to major theoretical analysis of such 
random times using tools of martingale theory. 

• From a more practical viewpoint, it is straightforward to simulate processes up to time 
-0 under Q. One first simulates a uniform random variable U; then, in an independent 
fashion, one continues with simulating the process K until the point in time that it exceeds 
U, along with other processes of interest. 

In view of the usefulness of randomized stopping times, it is natural to explore their generality. 
Of course, it is not possible that an arbitrary random time is a randomized stopping time, since for 
the latter there is a need for the extra "randomization" coming from the uniform random variable. 
There is a further, more fundamental reason that an arbitrary random time cannot be realized 
as a randomized stopping time. Typically, for a random time p on a filtered probability space 
(p,, F, F, P), the nonnegative process R+ 3 t i— >■ P[p > t | Ft] fails to be nonincr easing, which 
would have to be the case if p was a randomized stopping time on (O, F, P). Nevertheless, the 
main message of the paper is the following: 

With a given a pair (p, P) of a random time p and a probability P on (Q, F, F), one 
can essentially associate a pair (ip,<Q), where Q is a probability on (Q,F) and ip is 
a randomized stopping time on (Q, J 7 , F, Q), such that for any F-optional process 
Y, the law of (Y pM )teR + under P is identical to the law of (l^At)teK+ under Q. 

Therefore, as long as distributional properties of optional processes on ($7, F) under P up to the 
random time p are concerned, there is absolutely no loss of information in passing from (p, P) to 
the more workable pair (ip,Q). 

There is a reason for the qualifying "essentially" in the claim that the above association can be 
carried out. To begin with, J- should be large enough to support a random variable U that will be 
independent of F^ under Q. This is hardly a concern; if the original filtered space (fi, F, F) is not 
rich enough, one can always enlarge it in a minimal way, without affecting the structure of F, in 
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order to make the previous happen. However, there is another, more technical obstacle. As will be 
argued in Section [T] of the text, what is guaranteed is the existence of a nonnegative local martingale 
L on (Q, F, P) with Lq = 1 that is a candidate for a local (through a specific localizing sequence 
of stopping times) density process of Q with respect to P. Then, an argument ensuring that a 
consistent family of probabilities constructed in ever-increasing sigma-algebras has a countably 
additive extension to the limiting sigma-algebra is needed. Such an issue has appeared in different 
contexts in stochastic analysis — see [13], [23], [6]. Under appropriate topological assumptions on 
the underlying nitrations — for example, working on canonical path-spaces as discussed in [2S] - 
one can successfully construct a probability Q out of L. 

The aforementioned purely technical issue notwithstanding, the usefulness of the above philos- 
ophy is evident. In fact, as will be made clear in the text, even if the probability Q cannot be 
constructed, the representation pair consisting of the process K in the definition of ip and the local 
martingale L on (f2, F, P) encodes significant information regarding the structure of random times. 

In order to carry out the above-described program in practice, given a random time p on 
(S7, J-, F, P) one needs to identify the pair (K, L) associated with p. There are indeed formu- 
las in the paper that provide (K, L) in terms of the process M + B t h-> P[p > t \ Ft] of conditional 
survival probabilities of p, as well as the optional compensator on (f2, F, P) of the nondecreasing 
process M + B t h-> I{ p <*}- Although closed- form expressions for the previous quantities are not 
always available, they do exist for important cases of random times — this is, for example, the case 
when times of maximum and last-passage times for a wide class of models are considered. In order 
to illustrate the applicability of the theoretical results, extensive discussion is provided in the paper 
for times of maximum and last-passage times regarding the cases of infinite time-horizon down- 
wards drifting Levy processes with no positive jumps, infinite time-horizon downwards transient 
diffusions, as well as finite time-horizon Brownian motion with drift. 

Structure of the paper. This introductory part ends with general remarks that will be used 
throughout the text. In Section [H the canonical pair of processes associated with a random time 
is introduced, and certain of its properties are explored in both Section Q] and Section [2j Section 
[3] deals with a rigorous statement of the main message of the paper, regarding the law of optional 
processes up to random times. Section [5] contains some first examples. The remaining three sections 
contain applications for the cases of time of maximum and last-passage (or last-exit) times. Section 
[5] deals with downwards transient Levy processes with no positive jumps, and Section [6] discusses 
one-dimensional downwards transient diffusions. While the infinite time-horizon case is treated in 
both Section and Section [Ul Section [7] contains results for Brownian motion with drift over finite 
time- intervals. 

General probabilistic remarks. The underlying filtration F = (J r t)teR + is assumed to be right- 
continuous, but it will not be assumed that each Ft, t G R+, is completed with P-null sets of T . 
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Although this relaxation calls for some technicalities, it is essential in the development; indeed, 
the need for defining a probability on (O, J 7 ) that is not absolutely continuous with respect to 
P (not even locally, on each J-t, t € M+) will arise. An extensive part of the general theory of 
stochastic processes can be developed without the completeness assumption on nitrations, as long 
as properties that hold "everywhere" are asked to hold in an "almost everywhere" sense. (Of 
course, there are exceptions to the previous rule; for example, the so-called debut theorem fails if 
the filtration is not completed — see the discussion in |28(, 11.75].) The interested reader can refer 
to [lb\ Chapter I and Chapter II] for results in this slightly non-conventional framework that shall 
be used throughout the paper. Versions of the section theorem from [14^ IV§1], where again the 
filtration is not assumed to be completed, will also be useful. 

For a cadlag process X, define the process X_ = (Xt—)teR+, where Xt~ is the left-limit of X 
at t € (0, oo); by convention, Xo_ = 0. Also, AX := X — X_. Every predictable process H 
is supposed to satisfy Hq = 0. For any [0, oo]-valued, ^-measurable random variable p and any 
process X, X p = X pA . is defined as usual to be the process X stopped at p. For any cadlag process 
X, we set X* := sup te r i X t , as well as X* = sup ie r i \X t \ = (\X\y. 

Whenever H and X are processes such that A is a semimartingale to be used as an integrator 
and H can be used as integrand with respect to A, we use j, Q , H t dX t to denote the integral 
process. For a detailed account of stochastic integration, see [IB]. 

If not stated otherwise, a property of a stochastic process (such as nonnegativity, path right- 
continuity, etc.) is assumed to hold everywhere; we make explicit note if these properties hold 
almost surely with respect to some probability on (O, J-). When processes that are (local) mar- 
tingales, supermartingales, etc., are considered, it is tacitly assumed that their paths are almost 
surely cadlag with respect to the probability under consideration; for example local martingales on 
(O, F, P) have P-a.s. cadlag paths. 

In this paper, we always work under the following: 

Standing Assumption 0.1. All random times p are assumed to satisfy ¥[p < oo] = 1. 

The reason for above assumption is purely conventional; under its force, t = oo does not appear 
explicitly in the time-indices involved, something that would be unusual and create unnecessary 
confusion. We stress, however, that Assumption 10 . 1 1 in practice does not entail any loss of generality 
whatsoever. Indeed, a simple deterministic time-change of [0, oo] to [0, 1] on the time-indices of 
nitrations, processes, etc., makes any [0, oo]-valued random time actually bounded; then, all the 
results of the paper apply. 

1. A Canonical Pair Associated with a Random Time 

We keep all notation and remarks that appeared in the introductory section. In particular, 
Assumption 10. II will always be tacitly in force. 
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1.1. Construction of the canonical pair. The following result is the point of our departure. 

Theorem 1.1. Let p be a random time on (O, J 7 , F, P). Then, there exists a pair of processes 
(K, L) with the following properties: 

(1) K is F-adapted, right- continuous, nondecreasing, with < K < 1. 

(2) L is a nonnegative process with Lq = 1 that is a local martingale on (Q, F, P). 

(3) For any nonnegative optional processes V on (f2, F), it holds that 



E F [V P ] = E ff 



V t L t dK t 



( 4 ) /e+ l {K t -=l}& L t = and J R+ I {Lt=0} dK t = hold P-a.s. 
Furthermore, a pair (L,K) that satisfies the above requirements is essentially unique, in the 
following sense: if (K', L') is another pair that satisfies the above requirements, then K is P- 
indistinguishable from K' , while P[L< = L' t , Vt G M+ | K^ > 0] = 1. 

Definition 1.2. For a random time p on (O, J-, F, P), the pair (K,L) that satisfies requirements 
(1), (2), (3) and (4) of Theorem 1 1 . 1 1 will be called the canonical pair associated with p. 

Remark 1.3. Let p be a random time on (Q, J 7 , F, P) with associated pair (K,L). Then, p is a 
stopping time on (fi, F) if and only if K = Ifpoof (and, in this case, L = 1 will hold). Indeed, if 
p is a stopping time, K' := Ijp i0 of i s F-adapted, nonnegative and nondecreasing, and < K' < 1 
holds. Furthermore, Ep[Vp] = Ep[J K V^d-f^] holds for all nonnegative and optional V on (0, F). 
By the essential uniqueness under P of the canonical pair associated with p, we obtain K = I[p.oo[ 
(and L = 1). Conversely, assume that K = I[p )00 [; as K is F-adapted, p is a stopping time. 

Given a random time p on (O, J 7 , F, P), it will now be explained how the associated canonical 
pair (K,L) is constructed. We follow the proof of [2Q(, Theorem 2.1], which contains Theorem ll.il 
as a special case. Only details which will be essential in the present development are provided. We 
also introduce some further notation to be used throughout. 

Let Z be the nonnegative cadlag supermartingale on (Q, F, P) that satisfies Zt = P[p > t \ J~t] for 
all t £ R+. (The fact that such a P-a.s. cadlag version Z exists follows from the right-continuity of 
the filtration F and the right-continuity of the function M + 3 1 1- )■ P[p > t] & [0, 1] by an application 
of [141 Theorem II. 2. 44].) In view of Assumption 10.11 Z^ := lim^oo Zt is P-a.s. equal to zero. 
Note that Z is the conditional survival process associated to a random time by Azema — see [18] 
and the references therein. Also, let A be the dual optional projection of I[ poo [ on (Q, F, P); in other 
words, A is the unique (up to P-evanescence) F-adapted, cadlag, nonnegative and nondecreasing 
process such that Ep[V^] = Ep J* R VtdA t holds for all nonnegative optional process V on (O, F). 
Then, A^ := Z+A is a nonnegative martingale on ($7, F, P) with N t = E P [^4^ | F t \, for all t G R+. 
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Remark 1.4. Since we do not assume that the J-q contains all P-null sets of J 7 , the properties of 
A being cadlag, nondecreasing and nonnegative only are valid for P-a.s. every path. However, 
one can alter A to have them holding identically. Indeed, with D denoting a countable and dense 
subset of K+ , define 

A' := lim sup (max {A,, 0}) . 

103*4- • y S 6[o,t]nD J 

It is easily seen that this new process A' is F-adapted (the right-continuity of F is essential here), 

cadlag, nondecreasing and nonnegative, and that A = A' up to P-evanescence. It is possible that 

A can explode to +oo in finite time, but this happens on a set of zero (outer) P-measure and will 

not affect the results that follow in any way. Therefore, we might, and shall, assume in the sequel 

that A is cadlag, nondecreasing and nonnegative everywhere. 

Remark 1.5. The expected total mass of A over M_|_ under P is Ep[Aoo] = 1. If PLAoo > 1] = 0, 
in which case PL4oo = 1] = 1, defining K := A (more precisely, K := min{^4, 1}) and L := 1 
would suffice for the purposes of Theorem ll.il However, in all other cases of random times we have 
P^oo > 1] > 0, and the pair (K, L) is constructed from (A, Z) as will be shown below. 

We continue with providing the definition of the pair (K, L). Consider the stopping time Co := 
inf {t G P+ | Zt- = or Zt = 0}; in fact, Co actually is the terminal time of movement for both Z 
and A. The process K is defined via 

(1.1) 

^=i-p[p>o]ex P f-/ d M n (Yi- ^hrW AA L 

where by convention the product of an empty set of numbers is equal to one. It is clear that K 
is F-adapted, cadlag, nondecreasing and [0, 1] -valued on [0, Co[- A little care has to be exercised 
in the value of K at Co- On {AA^ = 0}, it simply holds that K^ = K^ _. On {A.A^ Q > 0} it 
holds that K^ = 1 because the product term on the right-hand-side of equation (jl.ip is zero. The 
process K remains constant after Qq. In order to get some intuition on the definition of K, note 
that the differential equation that the process K defined in (jl.ip satisfies is 

For fixed t G [0, Co)) %t + AA t = F[p > t \ Ft] represents the expected total remaining "life" of p 
on [t, oo], conditioned on Tt\ then, formally, dAt/(Zt + AAt) is the "fraction of remaining life of p 
spent at £." The equivalent "fraction of remaining life spent at t" for K would be dKt/(l — Kt~). 
(The previous quantity is based on the understanding that P [K^ = 1] = 1, although this is not 
always the case as will be shown later in Remark 14.51 ) To get a feeling of how L should be 
defined, observe that (Z + AA)AK = (1-K-)AA implies that (Z + AA)(1 - K) = (1 - KJ)Z. 
Therefore, from (jl.2p we obtain that d-fQ/(l — K t ) = dA t /Z t holds for t G [0, Co)) which implies 
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that Z t dK t = (1 - K t )dA t holds for t G R+. Since dA t = L t dK t has to hold for t G R + in view 
of property (3) in Theorem II .14 we obtain L(l — K) = Z. Using the previous equality and Ito's 
formula we obtain the dynamics 

, s dL t dN t 

(1-3) T 1 = ^ 1 > *e[0,Co], 

where recall that N = Z + A. Equation (|1.3|) can actually be used as the definition of L, which 
becomes equal to the stochastic logarithm of the local martingale J (l/Zt-)dNt. (One has to be 
quite careful here: the latter process might not be defined at time Co and onwards due to explosion, 
which will imply that Lt = for all t > Co- The treatment in [201 §2.3] makes sure that all such 
issues are dealt with.) Then, the relationship Z = L(l — K) can be shown to hold true. One can 
check [201 §2.3] for all the remaining technical details of the proof. 

Remark 1.6. When AK is P-evanescent (which happens exactly when A A is P-evanescent), the 
formula Z = L(l — K) implies that L coincides with the local martingale on (0, F, P) that appears 
in the multiplicative decomposition of the nonnegative (Q, F, P)-supermartingale Z. This fact 
provides the most efficient way to calculate the canonical pair associated with a random time that 
avoids all stopping times. (For the definition and characterization of random times avoiding all 
stopping times see Subsection 12.11 ) 

1.2. A consistent family of probabilities associated with a random time. Let p be a 

random time on (Q, J 7 , F, P) with associated canonical pair (K, L). For u G [0, 1), let 

rj u := inf{tGR + \K t >u}, 

with the usual convention r/ u = oo if the last set is empty. The nondecreasing family (rju)ue[o,i) °f 
stopping times on (O, F) will play a major role in the development. We start with a "localization" 
result. 

Lemma 1.7. Let p be a random time on (0, J 7 , F, P) with canonical pair (K, L). For u G [0, 1), 

P [L* u < 2/(1 - u)] = 1 holds. If F[t] u < oo, AL Vu > 0] = 0, then P [L* Vu < 1/(1 - u)] =1. 

Proof. Fix u £ [0, 1). Since Kt- < u holds for t G [0,ry u ] and Z_ < 1 holds up to P-evanescence, it 

follows that 

Z 1 

L_ = =— < holds P-a.s. on [0,r/J, 

1 — A_ 1 — u 

which implies that P [i>jL- £ 1/(1 — u )} = 1- It remains to check what happens at rj u . In case 
F[rj u < oo, AL Vu > 0] = 0, P [L* < 1/(1 — u)] =1 is immediate. Now, remove the assumption 
f[r] u < oo, AL Vu > 0] = 0. We shall use that AA < 1 up to P-evanescence. (Indeed, the equality 
AA T = F[p = t | F T \ holds P-a.s. on {t < oo} for any stopping time r, since A is the dual optional 
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projection of I[p,oo[ on (^j F, P). It follows that P[AA T < 1] = 1 for any stopping time r and, 
therefore, that AA < 1 up to P-evanescence by [141 Theorem 4.10].) Using (|1.3j) . we obtain, P-a.s., 

AAL Z„„_ + A7V„„ Z„„, + AA 



n„ — ^n„- "T 77 — : 77 — ~~. 77 ^ 



J Vu ~ ^n 



1 - K„„_ 1 - K„„_ 1 - K„„_ - 1 - u 



1Ju T)u Tju 

which completes the proof. □ 

In view of Lemma 11.71 for any u £ [0, 1) one can construct a probability measure Q u on (Q, J-) 
via the recipe dQ u = L^dP. The collection (Q u )ms[o,i) has the following consistency property: 
Qu = Qv on (O, J- Vu ) holds whenever < u < v < 1. It would be very convenient (but not a priori 
clear and certainly not true in general, as is demonstrated in Example I6.4p if one could find a 
probability Q = Qi on (O, F) such that Q\f Vu = QuIf^ holds for all u S [0, 1). This is indeed the 
case in many examples, as will be discussed later. The consequences of such existence are analyzed 
in Section [3j For the time being, we mention an auxiliary result. 

Lemma 1.8. For all u E [0, 1), it holds that Q U [L^ U > 0] = 1 and Q u [r/ u < oo] = 1. 

Proof. Fix u G [0,1). Then, Q u [L Vu > 0] = E p [L^I {Ltju>0} ] = E P [LJ = 1. In order to show 
the equality Q u [rj u < oo] = 1, first observe that since = Z^ = Loo(l — K^) holds P-a.s., we 
have P [Kco < 1, 1^ > 0] = 0. Coupled with the fact that {r] u = oo} C {K^ < 1}, we obtain 

P [ L Vu I { V u<oo} = L Vu ] = 1. Therefore, Q u [i] u < oo] = E P [L v J {riu<oo} ] = E P [L Vu ] = 1. □ 

1.3. Time changes. For a nonnegative ($7, F)-optional process V, the change-of-variables formula 
S ives Jr+ V t dK t = J[ ,i) V-nuhvuKoojdK^. For a G [0, 1), on the event {K r , a - < K Va } it holds that 

V Va AK Va = V Va (K Va - K Va .) = / V Va du = / V Vu du. 

J K Va - JK Va . 

Therefore, f R VtdK t = Jj 1 n V riu I^ Vu<00 jdu follows. The last fact helps to establish the following 
result. 

Proposition 1.9. Let p be a random time on (O, J 7 , F, P). Then, for any nonnegative (£1, F)- 
optional process V , it holds that 



[0,a] 



V nu du 



(1.4) E P [V P ] = f E Qu [V Vu ] du = limE Qa 

J[0,1) a t! 

Proof. As discussed above, for any V that is nonnegative and (O, F)-optional, we have 

/ V t L t dK t = / V Vu L, n J {riu<oo} du. 

JM.+ -'[O.l) 

Therefore, the first equality in (|1.4|) is immediate from Fubini's theorem, the definition of the 
probabilities (Q u ) u e[o,i) an d Lemma [l~8l The second equality in (|1.4|) follows from the monotone 
convergence theorem and the consistency of the family (Q u ) u e[0,i)- O 
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Proposition II .91 has a simple corollary, which states that the law of K p _ under P is stochastically 
dominated (in first order) by the standard uniform law, and that the latter standard uniform law 
is stochastically dominated by the law of K p under P. 

Proposition 1.10. Let p be any random time on (O, T , F, P) with associated pair (K,L). Then, 
for all nondecreasing functions f : [0, 1) i— > R ; it holds that 

(1.5) mf(K p -)} < I f(u)du<E P [f(K p )}. 

J [0,1) 

Proof. Pick any nondecreasing function / : [0, 1) i— > R. For establishing the inequalities (|1.5p . it is 
clearly sufficient to deal with the case where f(u) G R + for u G [0, 1). Since K„ u _ < u and / is 
nondecreasing, fjl .4j) gives 



E P [/(tf p _)] = / E Qu [f(K^)\ du < / E Qu [/(«)] du = / f(u)du. 

■/[0.1) J[0,1) J[0,1) 

The other inequality in (|1.5p is proved similarly, using the fact that Q u [K Vu > u] = 1 for u £ [0, 1), 
as follows from Lemma 11.81 □ 

2. Further Properties of the Canonical Representation Pair 

2.1. Random times that avoid all stopping times. A random time p on (Q, J 7 , F, P) is said 

to avoid all stopping times on (O, F, P) if P[p = t] = holds whenever r is a stopping time on 
(fi, F). The next result states equivalent conditions to p avoiding all stopping times. 

Proposition 2.1. Let p be any random time on (CI, J-, F, P) with associated canonical pair (K,L). 
Then, the following statements are equivalent: 

(1) p avoids all stopping times on (fl, F, P). 

(2) AK is ^-evanescent. 

(3) F[AK P = 0] = 1. 

(4) K p has the standard uniform distribution under P. 

Proof. In the course of the proof, we shall be using A, Z, and iV for the processes that were 
introduced in Subsection II. 1| associated to the random time p on (Q, T ' , F, P). 

For implication (1) => (2), the fact that E P [AA T ] = F[p = r] = implies that P[Avl T = 0] = 1 
holds for all stopping times r on (O, F). Then, in view of (jl.2p . ¥[AK T = 0] = 1 holds for all 
stopping times r on (Q, F) as well. An application of |144 Theorem 4.10] shows that AK is P- 
evanescent. Implication (2) =^> (3) is trivial. Now, assume (3); from the inequalities (|1.5p we get 
K[f(K p )] = Jj jn f(u)du for any nondecreasing Borel function / : [0, 1) i— > R+, which implies that 
K p has a standard uniform distribution under P. In the next three paragraphs, we shall show 
(4) =* (3) =► (2) =* (1). 
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We show (4) =>- (3). By ([O]) , we have 



E ¥ [K p + K p _]=\imE Qa 

ajl 



J\0,a] 



For a e [0, 1), on the event {K Va > a} it holds that 

a 2 = J 2udu < I (K Vu + K Vu _) du < 1. 

J[0,a] J[0,a] 

With the help of Lemma 11.81 we obtain Ep [K p + K p _] = 1. Since Ep [K p ] = 1/2 holds in view of 
the fact that K p has the standard uniform distribution under P, we obtain E[A' p _] = 1/2. As K is 
nondecreasing and Ep [AK p ] = 0, we obtain ¥[AK p = 0] = 1, i.e., statement (3). 

For (3) =4> (2), start with the following observation: for any stopping time r, on {t < oo} it 
holds that 

AiV T L T _(1 - K T _ ) + Z T -Z T „+ AA T Z T + AA T 



±j t — Lj t ~\- l\±j t — ±j t ~r 



1- K T . 



1-K T . 



1- K T - 



Since {AK T > 0} C {AA T > 0} holds on {r < oo}, it follows that {AK T > 0} C {L T > 0} modulo 
P holds on {r < oo} for all stopping times r. Continuing, note that 



= E P [AK p 



Elf 



[ (K t -K t _)L t dK t 



Ep 



teR + 



Consider a sequence (r n ) ne p| of stopping times with disjoint graphs that exhausts the jumps of 
K; then, E F [J2 n€N L Tn {AK Tn ) 2 ] = 0. This means that EneN L r n (AA" Tn ) 2 = 0, P-a.s.; since 
{AK Tn > 0} C {L Tn > 0} modulo P holds on {r n < oo} for all n e N, we obtain P [AK T „ = 0] = 1 
for all n G N. The last implies that P[Ai^ r = 0] = 1 for all stopping times r. In view of [H 
Theorem 4.10], this is exactly statement (2). 
Finally, we establish (2) => (1). Since 

{AA T > 0} = {L T AK T > 0} = {L r > 0} n {AK T > 0} = {AET T > 0} 



modulo P holds for all stopping times t, we have P[p = r] = Ep[Aj4 r ] = 0. the latter being valid 
because P[A^4 r > 0] = P[Aiir r > 0] = 0. Therefore, p avoids all stopping times under P. □ 

2.2. An optimality property of L amongst all nonnegative local P-martingales. Let S be 

the set of all nonnegative supermartingales S on (0, F, P) with P[5o = 1] = 1. The set S contains 
in particular all nonnegative local martingales M on (11, F, P) with P[A/o = 1] = 1. For a random 
time p with associated canonical pair (K, L), it is reasonable to expect that the local martingale L 
has some optimality property within the class S when sampled at p. Indeed, the next result shows 
that, in the jargon of |20j, L p is the numeraire under P in the convex set {S p \ S £ 5}. 
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Proposition 2.2. Let p be a random time on (O, T, F, P) with associated canonical pair (K,L). 
Then, P[L p > 0] = 1 and Ep [S p /L p ] < 1 holds for all S £ S. If, furthermore, p avoids all stopping 
times on (£1, F, P), then the stronger inequality Ep [S p /L p \ K p ] < 1 holds for all S £ S. 



Proof By Lemma [H Q u [L Vu > 0] = 1 holds for all u £ [0, 1). Then, by Proposition [TS 

P[L p >0]= f Q u [L Vu >0]du = l. 
■W) 

Fix S £ S. Observe that Eq„ [S^ /L,, J = Ep[5^I{^ u >o}] < 1 holds for all u £ [0, 1). Then, 

E ¥ [S p /L p }= [ K Qu [S v jL v Jdu<l. 
J[o,i) 

Assume now that p avoids all stopping times on (Q, F, P). By a straightforward extension of 

Lemma ll.8( Q u [K* = u] = 1 holds for all u £ [0, 1). Therefore, for all functions / : [0, 1) i — >• M+, 



E P [(S p /L p ) f(K p )} = / E Qu [{S n jL Vu ) f{K Vu )} du 

J [0,1) 

EQ„[(S^/^)/(«)]d« 

[0,1) 



< / f(u)du = Ep [f(K p )} , 



'[0,1) 

the last equality following from Proposition [2TTJ Since the function / : [0, 1) i— )■ P+ is arbitrary, we 
obtain E P [S p /L p \ K p ] < 1. □ 

3. Random Times and Randomized Stopping Times 

3.1. The one probability Q. Recall the consistent family of probabilities (Q u )ue[o,i) from Sub- 
section 11.21 For the purposes of Section El we shall be working under the following assumption. 

Assumption 3.1. There exists a probability measure Q = Qi on (O, J 7 ), as well as a random 
variable U : ft *— > [0, 1), such that: 

(1) Q|^ u = Qu\r vu holds for all u £ [0, 1). 

(2) Under both P and Q, U is independent of J-^ and has the standard uniform law. 

Remark 3.2. Given that there exists a probability measure Q = Qi on (O, J-) such that Q| jr^ = 
QuIj 7 ,^ holds for all u £ [0, 1), asking that there also exists a random variable U : O i— >■ [0, 1) such 
that £7 is independent of .Fqo and has the standard uniform law under both P and Q entails no loss 
of generality whatsoever. Indeed, if such random variable does not exist, the underlying probability 
space can always be enlarged in order to support one. More precisely, define := fix[0,l), a 
filtration F = (T t )teR+ via T t = T t ® {0, [0, 1)} for t £ R + , as well as T = T (g> B([0, 1)), where 
B([0, 1)) is the Borel sigma- algebra on [0, 1). It is immediate that (J T t)teR + and (J r t)teR + are in one- 
to-one correspondence. (However, T and T are not isomorphic.) On (f2, J 7 ), define P := P® Leb, 



12 CONSTANTINOS KARDARAS 

Q := Q <8> Leb, as well as Q„ := Q u ® Leb for u G [0, 1), where "Leb" denotes Lebesgue measure 
on £>([0, 1)). Any process X on the original stochastic basis is identified on the new stochastic 
basis with the process X defined via X(uj, u) = X(uj) for all {uj, u)e!! — this way, properties like 
adaptedness and optionality of processes are in one-to-one correspondence. The random variable 
U : O i— >■ [0, 1) defined via U(uj, u) = u for all (a;, u) G $1 has the standard uniform distribution, and 
is independent of J-*oo, the previous holding under both IP and Q. Note that the pair associated 
with p on (S7, T , F, IP) is {K, L) in the previously-introduced notation, which is identified with 
(K, L). Furthermore, Q| T = QJ T holds for all u G [0, 1). 

Remark 3.3. Even though item (2) of Assumption 13.11 is not really an assumption in view of 
Remark 13.21 above, item (1) is, as Example 16.41 will reveal. In fact, Example 16.41 will make an 
additional point: even if Q exists, it is in general possible that neither of the conditions Q <C.F t P 
nor P <Cjr t Q holds, for any choice of t G (0,oo). This clarifies the absolute need to refrain from 
completing F = (J-t)teR + with P-null sets, even if the null sets come from UteR 3~t and not from 
the much larger class V/teR -^t- 

3.2. The stochastic behavior of optional processes up to random times. We now turn 
to the topic discussed in the introductory section: as long as distributional properties of optional 
processes on (O, F) up to a random time are concerned, one can pass from the original random 
time p and probability P to a randomized stopping time tp on ($7, F, Q), where Q is the probability 
of Assumption 13.11 

Theorem 3.4. Let p be a random time on (0, J 7 , F, P) with associated canonical pair (K,L). 
Under the validity of Assumption Wl\ let Q the probability that appears there. Define 

ip := inf {t G E+ | K t > U} = r)u. 

Then, tp is a randomized stopping time on {Vt, J- , F, Q) with associated canonical pair (K,l). 
Furthermore, for any optional process Y on (0, F), the finite- dimensional distributions ofY p = 
(^pAt)teR+ under ¥ coincide with the finite- dimensional distributions ofY^ = (l^At)teiR+ under Q. 

Proof. Observe that {ip > t} = {U > Kt} holds for t G M+. Therefore, 

>t\Ft] = Q[U >K t \F t ) = l- K t , for t G R+. 



It follows that the pair associated with ip on (O, F, Q) is (K, 1) 
Pick any nonnegative optional process V on (O, F). Then, 



(3.1) E ¥ [V P ] = / E Qu [V Vu ] du= E Q [V Vu ] du = E { 

J [0,1) J [0,1) 



V Vu du 



E q [V Vu ]=Eq[V^]. 



'[0,1) 

Continuing, fix an optional process Y on (O, F) and times {t±, . . . , t n } C IR + . For any nonnegative 
Borel-measurable function / : W 1 »->■ R + , the process V = /(V* 1 , . . . ,Y tn ) is optional on (Q, F). 
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Since V p = f(Y pAtl , . . . , Y pAtn ) and V$ = f(Y^ Ml ,..., Y^ Atn ), dSHJ gives 
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E ¥ [f(Yf v ...,Yl)] 



Er 



^ 



^ 



m:,...,Y t : 



As the collection {ti, . . . , t n } C M + and the nonnegative Borel- measurable function / are arbitrary, 
the finite-dimensional distributions of Y p under P coincide with the finite-dimensional distributions 
of Y^ under Q. D 

4. First Examples 

4.1. Finite- horizon discrete-time models. Models where the time-set is discrete can be nat- 
urally embedded in a continuous-time framework. Only for the purposes of Subsection \4-l\ we 
consider a filtered probability space (ft, J 7 , F, P) with F = (J r t)tgT, where T = {0, ...,T} for 
T G N. We assume that J- = J~t V cr(U), where U is a random variable with uniform distribution 
under P, independent of Tt- A random time p in this setting is a T- valued random variable. 

It is straightforward to check that A = Y^t<- P[P = t I J~t\ * s the dual optional projection on 
(H, F, P) of I[ P ,T]- Recall from Subsection II .11 the stopping time Co : = min{£ G T | Z t = 0}. The 
discrete-time versions of (|1.2p and (|1.3p on {t < Co} read 



K t = K t -x + (1 - K t -x) 



A t - A t _ 



and 



L t = L 



t-i 



1 + 



Zt + A t 

Nt-Nt^ 



A 



t-i 



K t -i + (1 - K t . 



Lt-i 



Zt + At- A t -! 



L 



t-i 



P[p = t\F t ] 
P[p>t| Ji] 



>t-i 



> t LF* 



t-i 



On {£ > Co}) ^t = -f^Co an d -^t = ^Co holds. 

In finite-horizon discrete-time settings like the one considered here, nonnegative local martingales 
are actually martingales — see |15| : therefore, one may define a probability Q on (ft, T) that has 
density Lj> with respect to P; then, Q\f Vu = Qul^u holds for all u G [0,1). The probability Q 
is absolutely continuous with respect to P. (Observe also that Assumption 13.11 is always valid in 
this setting. Indeed, Lt is J-r-measurable and, therefore, independent of U under P, which implies 
that U is independent of Tt under Q.) The next result shows that the stochastic behavior of p 
under P and Q might be radically different. 

Proposition 4.1. Let p be a random time on (Q, F, P). If P[p = Co I J"Co] * s P-ffl-s. {0, l}-valued, 
thenQ[p = Co] = 1. 

Proof. On {Co > 0} it holds that L^ = L^ _iP[p = Co I F^J/Pfp = Co I -^ _i], which implies that 
{L Co > 0} = {P[/9 = Co I F Co ] > 0}. Since P[p = Co I F Co ] is P-a.s. {0, l}-valued, it follows that 
{L Co > 0} = {F[p = Co | F Co ] = 1} holds modulo P on {Co > 0}. On {Co = 0} both L (o = 1 and 
P[p = Co I F"f ] = 1 hold modulo P. Therefore, 



Co] = E P [L Co I {p=Co} ] = E F [L Co F[p = Co | F Co ]] = E P [L Co ] = 1, 
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which completes the proof. □ 

Random times that satisfy the condition in the statement of Proposition 14.11 are Q-a.s. equal 
to a stopping time. The next example shows that familiar random times that are far from being 
stopping times under P become Q-a.s. equal to a constant. 

Example 4.2. Let X be an adapted process on (O, T , F, P) such that F[X t > X t -\ \ J^t-l] > 
holds P-a.s. for all t E T \ {0}. Define p := maxji E T | Xt = Xj,} to be the last time of 
maximum of X. On the event {Co < T}, and in view of P[X^ 0+ i > X^ | J^ ] > holding P-a.s., 
we have ¥[p = £o | J-^ ] = holding P-a.s. On the other hand, on the event {Co = T} we have 
^[p = Co I -^Co] = ^{p=T}i which is P-a.s. {0, l}-valued. From statement (2) of Proposition 14.11 it 
follows that Q[/0 = Co] = 1- Since P[p = Co < T] = and Q is absolutely continuous with respect 
to P, we obtain Q[p = T] = 1. 

A continuous-time version of Example 14.21 involving Brownian motion with drift over finite time- 
intervals will be given in Subsection 17. 2\ where it will be demonstrated in particular that the 
corresponding probabilities P and Q become singular. 

4.2. Time of maximum of nonnegative local martingales with continuous maximum, 
vanishing at infinity. For special cases of random times, the calculation of the canonical pair 
becomes relatively easy. 

Proposition 4.3. Let M be a nonnegative local martingale on (0,, F, P) with Mq = 1, M* = M^ 
having continuous paths and lim^oo Mt = 0, all holding P-a.s. Let p be any time of maximum of 
M, in the sense that F[M p = M^\ = 1. Also, let p max := sup{£ G R + \ M t = M^}, where the 
supremum of an empty set is by convention equal to oo. Then, the following are true: 

• The canonical pair (K,L) associated with p is such that K := 1 — 1/M* and L = M. 

• p avoids all stopping times on (0, F, P). 

• P[p = /?max] = 1- 

Proof The key to proving that p avoids all stopping times on (12, F, P) and that the pair associated 
with p is (1 - 1/M*, M) is to note that Z = M/M* and A = log(M*), which can be done by direct 
calculation (see [23], as well as [20|, Theorem 2.14]); then, one can use Remark 11.61 to conclude. 

Note that /5 max is a special instance of a random time that achieves the maximum of M; in fact, 
P[M Pmax = M^] = 1 and F[p < p max ] = 1- It follows that the pair associated with p max is also 
(1 — 1/M* ,M). Since the canonical pair associated to a random time completely determines its 
distribution, the laws of p and p max are the same under P. Combined with P[p < p max ] = 1, we 
obtain P[p = p max ] = 1. □ 

Remark 4.4. Proposition 14.31 implies in particular that there exists an almost surely unique time 
of maximum of a nonnegative local martingale with continuous maximum, vanishing at infinity. 



ON THE STOCHASTIC BEHAVIOR OF OPTIONAL PROCESSES UP TO RANDOM TIMES 15 

Remark 4.5. It was already hinted out in the discussion at Subsection 11.11 that the canonical pair 
(K, L) associated with a random time may be such that P [K^ < 1] > holds and L fails to be 
a true martingale. Indeed, in the context of Proposition 14.31 M = L can be freely chosen to be a 
strict local martingale in the terminology of jlOj ; furthermore, P [K^ < 1] = P [L^ < oo] = 1. 



Remark 4.6. Recall the set S from Subsection 12.21 Specializing to the setting of Proposition | 
let p be the time of maximum of a nonnegative local martingale M on (f2, F, P) with Mq = 1, 
M* having continuous paths and linn^oo Alt = 0, all holding P-a.s. In this case, and since K p = 
1 — 1/Mp, we obtain from Proposition 12.21 that Ep[Sp | M p ] < M p for all S E S. This result is quite 
interesting — it states that no matter what the level of M at its maximum, no other nonnegative 
supermartingale with unit initial value is expected to lie above that. 

Since S is convex, the condition Ep[S , p | M p ] < M p for all S £ S is actually equivalent to 
the fact that M p stochastically dominates all random variables in {S p | S £ S} in second order, 
meaning that Ep [U(S P )] < Ep [U(M p )] holds for all nondecreasing concave functions U : M+ i-> P. 
In fact, a stronger statement is true. Since S is a nonnegative supermartingale on (fi, F, P) with 
P[So = 1] = 1 for all S £ S, Doob's maximal inequality implies that P [S p > x] < 1 A (1/x) 
holds for all x £ (0,oo). On the other hand, since M is a nonnegative local martingale (£7, F, P) 
with Mq = 1, M* having continuous paths and lim^oo Mt = 0, all holding P-a.s., it follows that 
P [M p > x} = 1 A(l/aj) holds for all x £ (0, oo). Therefore, sup 5£iS P [S p > x] = P [M p > x] holds for 
all x £ (0, oo), which implies that M p stochastically dominates all random variables in {S p \ S £ S} 
even in first order. 

4.3. Last-exit times of nonnegative local martingales with continuous maximum, van- 
ishing at infinity. As in Subsection 14.21 let M be a nonnegative local martingale on (O, F, P) 
with Mq = 1, M* = M^ having continuous paths and lim^oo-Mi = 0, all holding P-a.s. We fix 
y £ M+ and define p := sup{£ £ M+ | Mt > y}, setting p = when the last set is empty. In words, 
p is the last exit time of M from the open set (y, oo). In this case, it is straightforward that 

M t 

Z t =F[p>t\ F t } = — A 1, for all t £ R+. 

y 

(The set-inclusion {M > y} C \Z = 1} certainly holds modulo P; the fact that Z = M/y holds on 
{M < y} follows from Doob's maximal equality because M* has P-a.s. continuous paths — see for 
example [24]). 

Recall from Subsection 11.11 that Z = N — A holds for an appropriate local martingale N 
on (Q, F, P). In order to compute ./V and A in the decomposition of Z, information on the 
jumps of A is required. Since A is the dual optional projection of I[ p ,oo[ on (^> F, P), AA T = 
P [p = t | F T ] holds for any finite stopping time r. It is clear that P[p = r | 7>] is equal to 
zero on {M T > y}|J{M T _ < y}. Furthermore, P [p > r | F T \ = 1 holds on {M r _ > y, M T < y}, 
which gives ¥[p = r \ T T \ = 1 - P[p > r | F T ] = 1 - Z T = 1 - M T /y. We conclude that 
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AA=(1- M/y)I {M _ >y , M <y}- Now, by the Meyer-Ito formula [27J Theorem IV.70], it holds that 
(4.1) dZ t = d{MtAy) = ( I{M ^ } )dM t -B t , forteR + , 

y V y ) 

where B is a non-decreasing process, and we force Bq = Aq = ¥[p = 0] = 1 — Zq. In fact, the 
continuous part of B (when seen as a non-decreasing process) coincides with (l/2y)A (y), where 
(A^ 1 (y)) t £R + denotes the semimartingale local time of M at level y — see J27J page 216]. 

Continuing, note that AZ = (M/y — l)I{M->y,M<y} + (AM/y)Ir M _< y \, which by (|4.ip gives 
that AB = (1— M/y)liM->y,M<y\ = AA. It is then immediate that A = B should hold, which also 
implies that N satisfies dynamics dN t = (l{Mt_<j/}/y) dM^ for t G R + . Since P [p > 0] = 1 A (1/y), 
{M = y} C {Z = 1} and / R I {Mt ^ } dAf"(y) = holds P-a.s. in view of [27J Chapter IV, Theorem 
69, page 217], some algebra on (jl.ip gives 

(4-2) K = 1 - (l A i) exp ("^( y )) J] (^I { M t _ >s/ ,M t <, } 

Furthermore, since {M_ < y} C {yZ_ = M_}, the dynamics dA^ = (j-{M t -<y\/y) dAff for t e 
and ()1.3p give 



(4-3) ^i = i {Mt _< y} ^£, forte [0, Co]- 

Remark 4.7. If Assumption lBTTl is valid, the dynamics in (|4.3p suggest that the stochastic behavior of 
processes under Q is like the one under P when M_ > y; furthermore, when M_ < y, the stochastic 
behavior of processes under Q is like the one under the corresponding probability Q when the 
random time is the time of maximum of M , studied in Subsection l4.2i These heuristic observations 
will become more rigorous in the setting of last-exit times for one-dimensional downwards transient 
diffusions described in Section [6l 

Remark 4.8. Suppose that M actually has P-a.s continuous paths and that y £ (0, 1]. In this case, 
K = 1 — exp (— (l/2y)A M (y)), so that AK = up to a P-evanescent set. By Proposition 12.11 
K p = A'oo has the standard uniform distribution under P. It follows that h¥(y) = A^(y) has the 
exponential distribution with rate parameter 2y under P. Also, note that in this case that the last 
exit time p is actually the time of maximum of L, which becomes apparent once one writes 

Z (M .\ ( 1 ,„, 



L = T37? = (7 A1 J exp U A {y) 

and use the facts that F[M p = y] = 1 and P[A^ 7 (y) = A*£(y)] = 1. 

5. Time of Maximum and Last-Exit Times of Downwards Drifting One-Dimensional 

Levy Processes with No Positive Jumps 

5.1. Set-up. For the purposes of Section [5l will be the canonical space of all cadlag functions 
from M + to R. Let X denote the coordinate process and F be the right-continuous augmentation 
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of the natural filtration of X. For the time being, the sigma-algebra T will be taken to be equal 
to Toq. On (O, F), let P be a probability under which X is a Levy process with Xq = and no 
positive jumps. For information about Levy processes, the interested reader can check [2|, a book 
which we shall be referring to in the discussion that follows. An alternative reference is |30| . 

The law of X can be fully characterized by its Laplace exponent function 9 : M+ h >• R, de- 
fined implicitly via exp(£0(z)) = Ep [exp (zXt)] for z G R + and t G R+. The Levy-Khintchin 
representation implies that 

1 r° 

9(z) = az H — <7 2 z 2 + / (exp(zx) — 1 — 2id{_i<_<o}) - [dx] for z G R + , 

2 _— oo 

where a G R, <r 2 G R+ and ^ is a measure on (— oo,0) such that /_ (l A |x| 2 ) u[dx] < oo. The 
collection (a, a 2 , v) is the Levy triplet of X under P. 

Assumptions 5.1. The following will be enforced throughout Section [5j 

(1) At least one of a 2 or v is non-zero. 

(2) If a 2 = (in which case v ^ necessarily holds), then a — f_ 1 xv[dx] > 0. 

(3) a + JZtc xv[dx] < 0. 

It is evident that condition (1) in Assumptions 15.11 is equivalent to asking that X is not de- 
terministic. On the other hand, condition (2) in Assumptions 15.11 is equivalent to asking that X 
does not equal the negative of a subordinator. Indeed, let j3 := a — J"_ xz^fdx] G (—00,00]. If it 
happens that a 2 = and /3 G (—00,00], the Levy-Ito path decomposition of X will imply that one 
can write 

X = /3t+ Y, AX *> 
te[o,-] 

which is clearly a non-increasing process; therefore, the negative of a subordinator. Finally, condi- 
tion (3) is equivalent to asking that P [lim^oo X% = —00] = 1, i.e., that X is downwards drifting. 
To see this, note that the function 6 has a derivative 6' on (0, 00), and it is straightforward to see 
that 0'(O+) := lim z \o9'(z) = a + J_ xv[dx] < 0, the last strict inequality holding from condition 
(3) of Assumptions 15.11 A straightforward argument shows that Ep [X\] = 9'(0+) < 0, which 
immediately implies that P [linn._-.oo Xt = —00] = 1, in view of the law of large numbers. 

Since times of maximum and last exit times for X will be considered later on, the above remarks 
imply that Assumptions 15.11 are essential for having a non-trivial discussion. 

The Laplace exponent function 9 is continuous and convex, and such that 9(0) = 0. Furthermore, 
lim 2 _ ? . 00 (9(x)/z 2 ) = cr 2 /2, while if a 2 = one computes Yiva. z ^ fOD {9(x)/ z) = a — f_ 1 xu[dx]. 
By condition (2) in Assumptions 15. 1\ it follows that lim^^oo 9(z) = 00. The facts #(0) = 0, 
9'(0+) < and lim^^oo 9(z) = 00, combined with the convexity of 9, imply that there exists a 
unique q G (0, 00) such that 9(q) = 0. Another straightforward argument using the Levy property of 
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X and the definition of 6 shows that the process M := exp(qX) is an exponential Levy martingale 
on (Q, F, P) such that Mq = 1, M* has continuous paths, and lim^oo M t = 0, all holding P-a.s. 

5.2. Time of maximum. Define p as any random time such that X p = X^; it then follows that 
p is also a time of maximum of M. Then, by an application of Proposition 14.31 we obtain that 
the pair (K,L) associated with p is given by K = 1 — exp(— qX') and L = M = exp(gX). Note 
also that Remark 14.41 implies that there is a unique time of overall maximum for a Levy process 
satisfying Assumptions 15.11 

By Proposition [27T1 K p = K^ has the standard uniform distribution under P, which implies that 
sup teR Xt has the exponential distribution with rate q under P. Furthermore, since Ep [Lt] = 1 
for all t G M+ and (0, J 7 , F) is the canonical space, the extension theorem of Daniell-Kolmogorov 
|191 §2.2A] implies that there exists a probability Q on (O, J 7 , F) such that Lt is the density 
of Q with respect to P on Tt each t G M+. Standard arguments show that X is still a Levy 
process with no positive jumps under Q and that its Laplace exponent q : M + i-> K under Q, 
defined implicitly via exp(tO q (z)) = Eq [exp (zXf)] for z G R+, is such that 9 q {z) = 9(z + q) for 
z G M+. It is then immediate to see that the Levy triplet {a q ,a^,v q ) of X under Q is given by 
a q = a + a 2 q + J_ 1 (exp(gx) — 1) xi/[dx], a q = a 2 , and ^q[dx] = exp(qx)u[dx\. 

Since 6 is convex and 0'(O+) < 0, 0(g) = 0, lim^^oo 0(z) = oo, it follows that Eq [Xi] = 9' q (0+) = 
0'(q) > 0; in other words, X becomes a Levy submartingale under Q. (The fact that 0'(q) > can 
be also obtained by the direct computation 

, I 2 , f° l-exp(gx) + gxexp(gx) 

where it was used that a = —a 2 q/2 — f_ oo ((exp(gx) — l)/q — 2;I{_i< a; <o}) ^[dx], following from 
6(q) = 0. As q > and 1 — exp(y) + yexp(y) > holds for y < 0, under Assumptions 15.11 it is 
evident that < 0'(q) < oo.) 

One can carry out the enlargement of the probability space as discussed in Remark 13.21 and 
assume that there exists a random variable U with the uniform law, independent of the process 
(X i ) iS R + under both P and Q. Then, it comes as a consequence of Theorem 13.41 that a path of X p 
under P can be stochastically realized as follows: 

(1) With U being a standard uniform random variable, set X^, = X p = (1/q) \og(U). 

(2) Given x = X p , generate X Tx under Q, where t x := inf {t G P+ | Xt = x}. 

The above construction can be useful in the simulation of X until its maximum, but can also 
provide the joint Laplace transform of the law of (p,X p ) under P, as well as formulas for the 
joint density of the law of (p,X p ). Before stating the result, note that 9 q is a strictly increasing 
and bijective mapping on R + ; therefore, the mapping O^ 1 : M + \— > M + is well defined and strictly 
increasing. 
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Proposition 5.2. The joint Laplace transform of the law of(p,X p ) under ¥ is given by 

(5.1) E P [exp (-ap - bX p )\ = — f— -, for (a, b) G M+ x M+. 

q + q (a) + b 

Furthermore, the joint density of (p,X p ) under P is given by 

(5.2) F[p G dt, X p G dx] = qF[r x G dt]dx = — P[X t G dx]di, /or (t,x) G (0,oo) x (0,oo). 
In particular, the density of p under P satisfies 

P[p G dt] = |Ep [X 4 I {Xt>0} ] dt, /or t G (0, oo). 
Proof. Fix (a, 6) G R+ x M.+. In view of the previous construction for the path X p , it holds that 

poo 

Ep [exp (—ap — bX p )] = / Eq [exp (—ar x — bx)] q exp(— qx)dx 

Jo 

Eq [exp (-ar x )] gexp (— (g + b)x) dx. 



/o 

Since X has no positive jumps under Q and Q [lim^oo X% = oo] = 1, a straightforward martingale 
argument gives Eq [exp (—ar x )] = exp (— ^~ 1 (o)). Then, (|5.ip follows upon simple integration. 

Using the same reasoning as above, upon conditioning on X p = x one can obtain the formula 
P[p G dt, X p G dx] = Q[r x G dt]qexp(-qx)dx for (t,x) G (0,oo) x (0,oo). Since (dQ/dP) \r t = 
exp(qXt) for t G M+, it follows that 

Q [t x G dt] = E P [exp(qX t ); r x G dt] = E P [exp(gx); r x G dt] = exp(<?x)P [r x G dt] . 

(In fact, the formal equalities below can be justified because Ep [L t ] = Ep [exp(qXt)] = 1 holds for 
all t G M+. One should also check the proof of Proposition 16.51 where the analogue of the above 
formula in the case of one-dimensional diffusions is proved; there, the process L may be a strict 
local martingale.) Combining the calculations above, it follows that 

P[p G dt, Xp G dx] = Q)[t x G dt]qexp(-qx)dx = qP[r x G dt]dx, for (t,x) G (0,oo) x (0,oo). 

By [H VII. 1, Corollary 3] it holds that tP[r x G dt]dx = xP[X t G dx]dt, which gives the second 
equality in (|5.2|) . Finally, the density of p under P follows upon integrating the first and third 
terms of f|5.2j) over x G (0, oo). □ 

Example 5.3. Under P, assume that X is a Brownian motion with strictly negative drift — p (where 
p > 0) and unit diffusion coefficient. To connect with the previous notation, note that a = —p, 
a 2 = 1 and v = 0. Hence, 6(z) = —pz + z 2 /2 for z G M+, which immediately gives q = 2p. In this 
case, K = 1 — exp(— 2pX^), and sup 4e p + X t has the exponential distribution with rate 2/x under P 
— of course, this fact is well known. 
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Continuing, note that a q = fi, a 2 = 1 and v q = 0. It follows that X under Q is a Brownian 
motion with positive drift \x and unit diffusion coefficient. Furthermore, 6 q (z) = \xz + z 2 /2 for 
z G R+; therefore, 9~ l {a) = \J ' p? + 2a — p holds for a G K+, which implies by (|5.1j) that 

E P [exp (-op - 6X P )1 = - t for (a, d)el + xl + . 

6 + p + V/i 2 + 2a 

Note that P[X t G dx] = (l/V2lrt) exp(-(x + pt) 2 /(2t)) holds for (t,x) G (0,oo) x (0,oo), in view 
of the fact that X is a Brownian motion with drift —p and unit diffusion coefficient. Using (|5.2p . 
the joint density of (p, X p ) under P is given by: 

/ 2 / (x + /it) 2 \ 

P[p G dt, X p G dx] = W — //xexp I -- — ) dtdx, for (t,x) G (0,oo) x (0, oo). 

Either upon integration of the last equality or by recalling that P[p G dt] = (o/i)Ep [X t I{j5c t>0 }] dt, 
for t G (0, oo), one calculates the law of p under P as given by 

r[p£dt] = J-fi(Viexp(-fi 2 t/2)-fj 1 exp(-s 2 /2)ds) dt, for t G (0, oo) . 

Remark 5.4. When passing from P to Q, the Levy measure changes by being weighted with an 
exponential function. Due to this very specific nature of measure change, in certain occasions the 
Levy process remains within the same class. For example, this is the case when the pure jump part is 
a tempered one-sided stable processes; then, it holds that v[dx] = d(_ OOi0 )(x) (exp(Ax)/|x| p+1 ) dx, 
where A G M+ and < p < 2. The simulation of such processes is analyzed in |26| . Of interest also 
is the case where the pure jump part is the negative of a Gamma process, which happens when 
v[dx] = cI(_ OO)0 )(x) (exp(Ax)/|x|) dx for some c > and A > 0. In this case, it holds that 

0(z) = (a + c 1 " 6 ^ ) z + \a 2 z 2 + clog (l + \ 

and the determination of q G (0, oo) such that 9{q) = is easily accomplished numerically. 

5.3. Last exit times. We start with a discussion of the Markovian local time of X and its re- 
lationship with the semimartingale local time of M. If M c denotes the continuous local mar- 
tingale part of M on (O, F, P), it is straightforward that [M C ,M C ] = a 2 q 2 L , exp(2gX 4 _)dt = 
cj 2 g 2 Jf i exp(2gX()dt. By the occupation-times formula [2?1 Corollary 1 of Theorem IV. 70], for 
any Borel-measurable function g : M + t— > M + it holds that 



/ 

Jr. 



g(y)A M (y)dy= [ g(X t )d[M c ,M c ] t = a 2 q 2 [ g(X t )exp(2qX t )dt. 
Jo Jo 



In the present Levy setting, two cases will be considered. When a 2 = 0, i.e., when there is no 
Gaussian component, A* f (y) = holds for all t G M+ and y G R+. On the other hand, if a 2 > 0, 
every point x G K is regular for itself (see [21 Corollary II.20(i) and Exercise II. 5]) and non-polar (the 
latter holding because X has no positive jumps and is not equal to the negative of a subordinator). 
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Therefore, a combination of [2, Proposition I.2(i), Theorem V.15 and Exercise V.3] implies that 
there exists a random field A^ that is jointly continuous in the temporal and spatial variable, such 
that 

A x {x) = lim ( — I I {lXt _ xl < €} dtj , for all x G R. 

In fact, A is the local time random field of the process X in the Markovian sense; then, if A 
denotes the semimartingale local time random field of X, the occupation-times formula immediately 
gives A"^ = a 2 A x . Furthermore, since M = exp(qAT), straightforward computations using a 
combination of the two occupation-times formulas for A^ and A M imply that we can choose A M 
in a way so that A M (y) = qyA x ((l/q) log(y)) holds for all y G (0, oo). In other words, for x G R 
and y = exp(qx), it holds that (l/y)A M (y) = qA x (x) = q<j 2 A x {x). 

In the sequel, fix x G R and define p := sup{£ G R+ | Xt > x}, where we set p = when 
the last set is empty. Recalling that M = exp(gAT), it holds that p := sup{£ G R+ | M t > y}, 
where y = exp(qx). Therefore, the general results of Subsection 14.31 (in particular, equation (|4.2p ) 
together with the discussion of the previous paragraph give 



K^ I - (1 A exp(-qx)) exp [ -q^-A x {x) - q ^ {(x - X t )I {Xt>X)Xt < x} ) ] 

te[o,.] 



where the process qa 2 A x (x)/2 is to be understood equal to zero if a 2 = (even though in this 
case A (x) may not be well defined). The dynamics for L are given by (|4.3p . 

Example 5.5. Recall the Brownian setting of Example 15.31 Assume that x G (— oo, 0]. In this case, 
A = A , q = 2p, and there are no jumps; therefore, K = 1 — exp f— piA (x)) ■ By Proposition ^. II 
it follows that A^(x) = A x (x) has the exponential distribution with rate parameter p. In Example 
16. 81 a representation for the joint distribution of (p, A^) will be obtained. Using Novikov's condition 
|19|. Section 3.5.D], it is straightforward to check that the local martingale L in (I4.3P is an actual 
martingale. The extension theorem of Daniell-Kolmogorov |19|. §2.2A] implies that Assumption ^. II 
is valid in this case (modulo the enlargement of the probability space in order to accommodate a 
uniform random variable). It is straightforward to check that, under Q, the process X has dynamics 
dX t = —ps\gn(X t — x)dt + dW^ for t G R+, where sign = I(o )0 o) — "-(-oo,ol an d W® is a standard 
Brownian motion under Q. Dynamics like the ones of X under Q have been the object of study in 
previous literature; see, for example, [31] and [121 Subsection 5.2, page 96]. 

6. Time of Maximum and Last-Exit Times of One-Dimensional Downwards 

Transient Diffusions 

6.1. Set-up. For the purposes of Sectional fix £ G [—00,00), and r G (—00,00] with £ < r and 
take fi to be the canonical space of continuous functions from R + to [£, r] that remain constant 
after they assume the value £ or r. (In other words, £ and r are regarded as "absorbing states.") 
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The interval [£, r] is equipped with the usual topology that makes it a compact set. Let X denote 
the coordinate process and F be the right-continuous augmentation of the natural filtration of X. 
Until further notice, the sigma-algebra J- is taken to be equal to J-'oo- For more information on the 
discussion below regarding one-dimensional diffusions, one can check [19!, Section 5.5]. 

Remark 6.1. Note that the possibilities £ = — oo and/or r = oo are allowed. The points £ and r, 
even if finite, should be regarded as "explosion" of the coordinate process X. Defining £1 as the 
set of cadlag functions with values on the closed interval [£, r] with £ and r being absorbing states 
is essential for ensuring that Assumption 13. II is valid — see [23], as well as Example 16.41 later. 

Define the open interval I := (£, r). Consider functions a : / i— > R and a : I t— > R_|_ such 
that a 2 is strictly positive and a~ 2 (1 + \a\) is locally integrable on /. From the treatment of |19[ 
Section 5.5], under these assumptions, and for an initial condition xq G I, there exists a probability 
P = Pa, on T (which coincides with the Borel sigma-algebra on O) such that the coordinate process 
X satisfies P[Xo = xq] = 1 and has dynamics 

dX t = a(X t )dt + a(X t )dWf, for t G [0, C), 

where ( = ti A r r with ti = inf {t G M. + \ X t = £} and r r = inf {t € M+ | X t = r}, and W ¥ is a 
standard Brownian motion under P. (Note that W ¥ is in general defined only up to time £.) In 
other words, X is a diffusion up to the "explosion time" £. 

Any non-constant twice-differentiable function s : 1 1— >• R which satisfies the differential equation 
a(x)s'(x) + (l/2)a 2 (x)s"(x) = for x G I is called a scaie function. Note that scale functions are 
unique up to affine transformation. 

Assumptions 6.2. Throughout Section[6l along with a 2 being strictly positive and o~ 2 (1 + |a|) 
being locally integrable on /, it shall be assumed that — oo < s(£+) < s(r—) = oo holds for some 
(and then for any) scale function s. 

In view of Assumptions [6T2l one may consider a scale function s with the properties s(l+) = 
and s(xq) = 1. In other words, s will satisfy 

(6.1) sW =(^%xp(-2£ ; ^d»)d„)" 1 ^exp(-2£ ; ^d»)d„, for*./, 

for some c £ I. (Note that the definition of s in (|6.1[) does not depend on the chosen point c G I.) 
Define M := s(X), so that M is a continuous-path nonnegative local martingale on (f2, F, P) 
with Mq = 1. The martingale convergence theorem and Assumptions [621 can be seen to imply 
that P [lini(_j. 00 Mj = 0] = 1 — indeed, there is not possibility for any other limit for M, since a 2 
is strictly positive and 1/V 2 is locally integrable on (£,r). It follows in a straightforward way that 



lim X t = £ 

t— >oo 



i; 

in words, X is transient and drifts downwards (or explodes in finite time) to £ under 
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6.2. Time of maximum. Define p to be a time of maximum for X: P[-Xp = XjJ = 1. Note that 
p is also a maximum time of M = s(X), since s is nondecr easing, and M is a nonnegative local 
martingale with P[Mo = 1] = lj continuous paths satisfying P [linn._s.oo Mt = 0] = 1. By the general 
discussion of Subsection 14.21 Let (K,L) the the canonical pair associated with p on (fi, F, P). We 
claim that L = s(X) and K = 1 - l/s(X t ). 

In order to characterize the probability Q that L induces as in Assumption 13.11 note that 

^ = ^^=q(X t )a(X t )dW!, fortG [0,0, 

where q : I \-t M+ is defined via q(x) = s'(x)/s(x) for x G I. If L was actually the density process 
of Q with respect to P, Girsanov's theorem would imply that the dynamics of X under Q are 



dX t = a q (X t )dt + a(Xt)dWf, with a q := a + a 2 q and W 1 ^ being a standard Brownian motion 
on (Q, F, Q). Even though L might not be a martingale on (Q, F, P), we may proceed using 
knowledge of existence of weak solutions of stochastic differential equations. Indeed, a 2 is strictly 
positive on _ and c~ 2 (l + \a q \) = cr _2 (l + \a\) + q is locally integrable on /, the latter holding 
because cr _2 (l + |a|) is locally integrable on I in view of Assumption 16.21 and q is locally integrable 
on I because it is continuous. Again, the treatment of |191 Section 5.5] implies that there exists a 
probability Q on (0, J-) such that the coordinate process X satisfies 

dX t = a q (X t )dt + a(X t )dW®, for t G [0, C), 

where W 1 ^ is a standard Brownian motion under Q, in general defined until time £. It is clear that 
Q is exactly the probability associated with L satisfying Assumption 13. 11 modulo the enlargement 
of the space discussed in Remark 13.21 We claim that 



lim X t 

t— >-oo 



1; 



i.e., that X is transient and drifts upwards (or explodes in finite time) to r under Q. Indeed, 
Q[M t > 0,W G R + ] = 1 holds and 1/M is a local Q-martingale. Now, for all n G N let r n : = 
(1 — l/n)r + {\/n)xQ. Obviously, M Tr ™ is uniformly bounded. Therefore, 

Q [r rn < oo] = E P [M Tr J {Trn<oo} ] = E P [M Tr J = 1. 

As linin^oo s(r n ) = oo and 1/M is a local Q-martingale, we deduce that Q [linn,-^ M t = oo] = 1; 
this implies that Q [limt-^oo Xt = r] = 1. 

Remark 6.3. There is an alternative proof of the fact that Q [lini£_ 1 . 00 Xt = r] = 1. Since the 
process L(l/s(X)) = 1 is a local martingale on (f2, F, P), one can show that the process l/s(X) 
is a local martingale on (fl, F, Q). (In order to justify the last claim, a generalized version of 
the so-called Bayes' formula is needed; see, for example, |29(, Theorem 5.1].) In other words, the 
function — 1/s is a scale function for the diffusion X on (O, F, Q). Observe that — 1/s is bounded 
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above and unbounded below, which coupled with the facts that a is strictly positive and 1/cr 2 is 
locally integrable on (£, r) imply that X is upwards drifting toward r under Q. 

Example 6.4. We pause the flow to give an example that will settle a couple of claims that were 
previously made in Remark 13.31 

Let t = 0, r = oo, and xo = 1- Set a(x) = and cr(x) = 1 V x 2 for x G (0, oo). In this case, s is 
the identity function on /, since X is already a local martingale on (Q, F, P). In fact, this process 
is a strict local martingale in the terminology of [10], as follows from results in [7J. Using Feller's 
test for explosions, it is straightforward to check that P [tqo < t] = and P [to < t] > holds for 
all t G (0,oo). Under Q, the drift process of X satisfies a q (x) = x 3 V (l/x) for x £ I. Writing the 
formal dynamics under Q of 1/X up to r n A Tu n for all n G N, it is straightforward to conclude 
that the law of the process 1/X^ under ©_ is the same as the law of the process X under P. In 
other words, Q [r^ < t] > and Q [to < t] = holds for all t G (0, oo). Coupled with the fact that 
P b"oo < t] = and P [to < t] > holds for all t G (0, oo) that was established above, we conclude 
that neither Q <jr t P nor P <jr t Q holds, for any t £ (0, oo). 

The above example also illustrates that the filtration F should not be completed in any way by 
P, if Q is to be defined. In fact, let F p = (jf )j e R + be any right-continuous filtration such that: 

• F C F p , and 

• if B C U neN B n , where B n G U te iR + Ft and P [B n ] = holds for all n G N, then B G jjf. 
(Note that we are not asking that each J-f, t G R+, contains all P-null sets of J-qo-, but a weaker 
condition that is tailored to avoid problems with singularities of probabilities at infinity — see [3j for 
the concept of such natural, as opposed to usual, augmentations.) For any n G N, {tqo < n} G J- n 
and P [too < n] = 0. In view of the assumptions on F p , {t^ < oo} G J 7 ^. If Q could be defined, 
01 T t < PIttp would hold for u G [0, 1); in particular, Q p | F p < P| F p. This is impossible: if Q 
could be defined we would have Qfr^ < oo] = 1, while P[too < oo] = holds. Of course, since the 
filtration is not enlarged in order to include P-null sets, we can indeed define Q with no problems. 

In order to be in par with Assumption 13.11 we carry out the enlargement of the probability space 
as discussed in Remark 13.21 Then, it comes as a consequence of Theorem 13.41 that a path of X p 
under P can be stochastically realized as follows: 

(1) With U being a standard uniform random variable, set Xjo = X p = s _1 (1/U). 

(2) Given x = X p , generate X Tx under Q, where t x := inf {t G P+ | Xt = x}. 

From step (1) above, one computes that Pf-Xi, G dx] = (q(x) / s(x)) dx holds for x G (xo,r). In 
fact, combining the two steps in above construction implies the following result: 

Proposition 6.5. The joint law of (p,Xio) under P is given by: 

(6.2) F[p G dt, X^ G dx] = Q[t x G dt]^-dx = ¥[t x G dt]q(x)dx, for (t,x) G (0,oo) x (x ,r). 

s{x) 
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Proof. We only have to show that s(x)¥[t x G dt] = Q[r x G dt] holds for all (t,x) G (0, oo) x (xo,r). 
Start by noticing that, since Ep [M Tx ] = 1, we have Q\f Tx <C ^\t tx and M Tx = s(x)I^ Tx<00 y is the 
density of Q with respect to P on J- Tx . Now, 

s{x)¥ [t < t x < oo] = E P [M T J {Tx<oo} I {T:c>t} ] = Q [t x > t] = Q [t < r x < oo] , 

where the last equality follows from the fact that Q [lim^oo X t = r] = 1. Therefore, the equality 
s(x)¥[r x G dt] = Q[r x G dt] holds for all (t, x) G (0, oo) x (xo,r), which concludes the proof. □ 

Example 6.6. Assume that a(x) = (1 — 2a)/2x and o~(x) = 1 for all x G I = (0, oo), where 
a G (0, oo). This corresponds to X being a Bessel process of index —a (i.e., dimension 2 — 2a) 
starting from xq G /, absorbed at zero. It is straightforward to check that s(x) = (x/xo) 2a for 
x £ I; then, q(x) = 2a/x and a„(x) = (1 + 2a)/2x for x £ I. When p is the time of the maximum 
of X, K = 1 — exp (— (X^ /xo) 2a ) and Q is the probability that makes X a Bessel process of index 
a (i.e., dimension 2 + 2a) starting from xq G I. Then, in view of [3} page 398, formula (2.0.2)], one 
can use the first equality in (|6.2p and show that, for (t, x) G (0, oo) x (xo,oo), 

P lpedi ,^, dl ]^|(^f^e X p(-|| t )) dM , 

Above, J a (resp. J a +i) is the Bessel function of the first kind of order a (resp., a + 1) and (j a ,fc) fceN 
is the increasing sequence of positive zeros of J a . 

6.3. Last exit times. Fix x G (£, xq], and define p := sup{t G M+ | Xp > x}. Recall that M = 
s(X). With y := s(x), it follows that p is the last exit time of M from the interval (y, oo). 
According to the discussion in Subsection 14.31 the dynamics of L are formally given by 

^f = l {M t <y}^ = I {Xt < x} q(X t )o-(X t )dWr, for t G [0,0, 

where recall that q := s'/ s - Using again knowledge of existence of weak solutions of stochastic 
differential equations from |19l Section 5.5], we obtain the existence a probability Q on (Q, J 7 ) such 
that the coordinate process X formally satisfies 

dX t = {a(X t )I {Xt>x} + a q (X t )I {Xt < x} ) dt + <r(X t )dW?, for t G [0, C), 

where the process W 1 ^ is a standard Brownian motion under Q and a q = a + qo~ 2 , as was defined 
in Subsection 16.21 It is then straightforward to check that Q is the probability associated with the 
local P-martingale L from Assumption 13.11 

When X is above the level x, the dynamics of X coincide with the ones under P; on the other 
hand, when X is below the level x, the dynamics of X coincide with the ones under the Q-probability 
of Subsection 16.21 in the case where p is a time of maximum of X. Under the present probability 
Q, X is reverting towards the level x. In fact, X becomes a recurrent, rather than transient, 
diffusion. In order to see this, recall that the original scale function s is unbounded above, while 
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the scale function corresponding to the Q-probability of Subsection 16.21 is unbounded below, as 
follows from Remark 16,31 It then follows that the scale function corresponding to the present set- 
up is unbounded both above and below. Since a 2 is strictly positive and 1/ct 2 is locally integrable 
on /, the transience of standard Brownian motion and the celebrated result of Dambis, Dubins and 
Schwarz [191 Theorem 3.4.6] imply that X is transient under Q. In particular, Q[£ < oo] = 1. 

Recalling that y = six), it is straightforward to check from defining properties of local times 
(or the occupation times formula) that A (y) = s'(x)A (x); therefore, the general formula K = 
1 — exp (— (l/2y)A M (y)) of Remark 14.81 (recall that x G (£,xq\) becomes 

K = l-exp(-^-A x (x) 

Modulo the enlargement of the probability space described in Remark 13.21 Theorem 13.41 implies 
that a path of X p under P can be stochastically realized as follows: 

(1) With U being a standard uniform random variable, set A^(x) = — (2/q(x)) log(U). 

(2) Given A = A*(x), generate X T ^ X ~> under Q, where t\(x) := inf {i G 1+ | A? (x) = A}. 

The law of A^(x) = A x (x) under P is exponential with rate parameter q(x)/2. Combining the 
two steps in above construction, the following result is immediate: 

Proposition 6.7. The joint law of (p, A^(x)) under P is given by: 

P [p G dt, A* (X) G dA] = ®[t x (x) G dt]^exp f-^AJ dA, for (t, A) G (0,oo) x (0,oo). 

Example 6.8. Recall the Brownian setting of Example 15.51 Fix x G (— oo,0]. As q(x) = 2fi for all 
x G (—oo,0], it follows that 

P[pGdt, A^(x) G dA] =Q[t\(x) Gdt]/iexp(-^A)dA, for (t,A) G (0,oo) x (0,oo). 



In order to compute Q[t\(x) G dt] for t G M + , let W be the probability on (ft, F) that makes X a 

standard Brownian motion. A straightforward use of Girsanov's theorem implies that 

ft ,,2 \ / ,,:: 

= exn \ —ii, I 

dW F t 



exp I -fi / sign(X s - x)dA" s - —t j = exp I -p,x - /j,\X t - x\ + (iA?(x) - —t ) 



for t G R+, where the second equality follows from Tanaka's formula. (Note that A^ is the same 
under Q and W.) As X Tx ^ = x and A* ,Jx) = A hold W-a.s., we obtain 

x) Gdt] =exp(fi(X-x)- %-t) W[ta(x) G dt], te (0,oo). 



Using also the fact that 



r / n ,i A — x / (A — x) 2 \ , 

[tx(x) G dt] = -=== exp ( - ^ J ) dt, tG(0,oo), 
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which follows from distributional properties of the maximal process of Brownian motion coupled 

with Levy's equivalence theorem on Brownian local time and maximum of Brownian motion (see, 

for example, (T9~[ Theorem 3.6.17]), it follows that 

A — x ( u 2 ( A — x) 2 \ 

P[p G dt, A* (a) G dA] = fjt — ■. exp -fxx- ^—t - - — — — dtdA, for (t, A) G (0, oo)x(0,oo). 

Simple integration gives the law of p under P as 

P[p £ dt] = -L= exp f - ^ + J M dt, forie(0,oo). 

Example 6.9. Recall the Bessel-process setting of Example 16. 61 When p is the last-passage time of 
X at level x G (0, xo], then ivT = 1 — exp (— (a:/2a?)A^(a;)); under Q the process X has dynamics 

dXt= l-»8"(^-x)a dt + dw y | fortGM+ , 
2X t 

where W® is a standard Brownian motion under Q. 

7. Time of Maximum and Last-Passage Times of Brownian motion with Drift over 

Finite Time-Intervals 

7.1. Set-up. For the purposes of Section [71 T G M + will be fixed. Define as the canonical path- 
space of continuous functions from [0, T) to K. Call X the coordinate process, let F = (J~t)te[o,T) 
be the right-continuous augmentation of the natural filtration of X, and set T = V/tefo T) ^~t- 

Remark 7.1. It is important to note that the canonical space of processes with time-index [0, T), as 
opposed to [0, T], is considered here. As will become clear, it is in this setting that we can ensure 
later the validity of Assumption 13.11 

Fix some /i£l. On (O, T), let P be the probability under which X a Brownian motion with 
drift (j, and unit diffusion coefficient on (O, F, P). In the rest of Section [7] we shall discuss the 
canonical pair and the behavior of X under the corresponding Q for the cases of time of maximum 
and last-passage times of X. 

7.2. Time of maximum. Define p := sup \t G [0, T) | Xt = sup se r <p-j X s \, where by convention 
one sets p = T if the previous set is empty. 

In the sequel, we shall make use of the following functions, related to the standard normal law: 

— f°° 1 / x 2 \ 

$(x) = / 4>(y)dy, where <j)(x) = exp I — — J , for x G K. 

Jx V 27T V 2 / 

Define the function F^ : (0, oo) x M + i-)- [0, 1] via 

(7.1) FJt, z) = exp (2pz) ¥ ( Z -±^-\ + ¥ ( '" ' 



^ ) V V^ 

[ ivh exp (-^7^)) ds ' for (r '^ } G (0 ' oo) x M - 
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The equality between the two representations follows upon differentiation of the right-hand-side 
of (|7.1|) with respect to the temporal variable. The fact that Fn is [0, l]-valued follows from the 
second representation, since the quantity inside the integral is the density of the first hitting time 
of the level z for Brownian motion with drift \x — see |19|, page 197, equation (5.12)]. Furthermore, 
from this representation and the Markovian property of Brownian motion, it is straightforward to 
compute that 

Z t = F[p>t\ F t ] =F lt (T- t,x} - X t ) , for t € [0,T), 

where recall that X^ = sup tg r .i X. 

In preparation for the formulas below, note that 

(7.2) ^(r,z) = 2 / uexp(2^)¥ ( £ t) " 4^ (^7^) > for ^ z ^ e ( '°°) x M +> 

where the fact that exp (2/j,z) 4> (z/y/T + ^V^) = ( z /y/r ~ ^V^) f° r ( r > z ) ^ (0> °°) x ^+ holds 
was used in the above calculation. Define also the function /„ : (0, oo) t-t R via 

U(r) ■= -^(r,0) = - 7 l=exp(-^-2 / ,¥( / , v ^), forre(0,oo). 

Upon simple differentiation it is easy to check that the function /„ is decreasing in t S (0,oo). As 
limT-^oo f/j,(r) = max{0, —2^} € R+, / M is nonnegative. 

Since Z has continuous paths and all martingales on (£1, F, P) have continuous paths as well, 
it follows that A is the continuous nondecreasing process appearing in the additive Doob-Meyer 
decomposition of —Z. In view of Proposition 12.11 p avoids all stopping times on (Q, F, P). A 
simple use of Ito's formula gives, after some term-cancellations, that 

(7.3) dZt = -^ (T - t, X} - X t ) d (X t - pt) - / M (T - t)dXJ, for t G [0, T). 
In particular, it holds that A = L f^(T — t)dXJ . From (jl.ip . it then follows that 

(7.4) K t = l- exp (- J U(T~ s)dxA , for t € [0, T). 
Using the equality L = Z/(l — K), it follows that 

(7.5) Lt = F^(t- t, X} - X t ) exp (J f^T - s)dxf\ , for t € [0, T). 

The next result ensures that Assumption 13.11 will be valid in this setting. 

Lemma 7.2. For all t g [0, T), it holds that E P [L t ] = 1. 

Proof. Since (-^t)tefo,T) is a nonnegative local martingale on (O, F, P) with Lq = 1, Ep [Lt] = 1 for 
all t £ [0, T) will follow if E P [L* t ] < oo for all t £ [0, T) is established. Given that the function F^ 
is a [0, l]-valued and that the function f^ is decreasing, (|7.5p implies that L\ < exp (/ M (T — t)Xj^j 
holds for all £ G [0, T). Therefore, Ep [L*] < oo for all t e [0, T) will follow if it is established that 
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Ep [ exp(aXj)] < oo holds for all a G R and t G R+. To see this, note first that in view of Girsanov's 
theorem and Holder's inequality, we may assume that \i = 0. Then, the claim follows because, for 
H = 0, the law of X t under P is the same as the law of \Xt\ under P, and all exponential moments 
of the latter law are finite. □ 

By Lemma 17.21 and the extension theorem of Daniell-Kolmogorov |X9|, Subsection 2. 2 A], there 
exists a probability Q on (O, J 7 ) such that Lt is the density of Q with respect to P on Tt for all 
t G [0,T). (It is exactly here that the point of Remark 17.11 becomes relevant.) It follows either 
from (|7.3p of from ()7.5[) that the dynamics of L are 

dL (dF fl /dz)(T-t,x}-X t ) 

-r 1 = r^ ; ^d(X 4 - M t), forte [0,T). 

Lt F^(T-t,x}-Xt) 

A straightforward application of Girsanov's theorem imply that, under Q, the dynamics of X are 

(7.6) dX t = G tl {T-t,Xj- X 4 ) dt + dW t Q , for t G [0, T) , 

where W® is a standard Brownian motion on (Q, F, Q) and G^ : (0,oo) x R + i— > R is a function 
satisfying G^(t,z) = \i— (dF^/dz) (t,z)/F^(t,z) for (r, 2) G (0, 00) x R + . A use of (17. 2p gives 

G m (t,^) = m+ — — .-=■,,,-. ^ » for (r,z)G (0,oo) xR+. 

9 {z/tJt - ii^Jr) + exp (2/j.z) <P (z/Vr + ^V r ) 

Proposition 7.3. 77ie function G^ has the following properties: 

• Gpfaz) > /or all (t,z) G (0,oo) x R + . 

• liminf^o (nif 2e[u , )0o) (rG^^z))) > w for all w G (0,oo). 

/£ follows that X is a local submartingale on (il, F, Q), and t/iat Q [ lim inf t_>.y (Xj — Xt) = 0] = 1. 

Remark 7.4. The fact that Q [ lim inf t ^ T (xj - X t ) = 0] =1 is the equivalent of Q[p = T] = 1 
that was obtained in the finite- horizon discrete-time analogue discussed in Example 14.21 However, 
in contrast to Example 14.21 the fact that P [ lim^r (X 4 — Xj) > 0] = 1 implies that in the present 
setting P and Q are singular probabilities on T . (Note also that P [lim inf ^-^(X/ — Xt) > 0] = 1 
implies P[limi_ > j- Lt = O] = 1, which directly shows the singularity of P and Q on J.) 

Proof of Proposition \7.S\ Let c G R and d G R. A simple change of variables implies that 

eM^mc + tl) = / o+/ xp ( 2c(i - T j -^ - /_ /X p (W - L_ij _ 

'■ ''■ dx 



/ exp (2c(a — c — x)) exp I — — J 



'27T 

When x > d — c, it holds that cexp (2c(d — c — x)) < c, for any c G R. Therefore, from the 
equalities above we obtain cexp(2cd)$(c + d) < c$(<i — c). Applying the previous inequality above 
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with c = \X\Jt and d = z/yfr, it follows that /!<!> {zj\fr — fJ,\fr) — /xexp (2/iz) <£ (z/\/r + H\fr) > 
for all (t,z) G (0,oo) x R + . By (|777|) . we obtain 

(7.8) G„(t, z) > _ - - - (2/ ^ (z/ f ~^f 7 } - for all (r, z) G (0,oo) xR + , 

from which it immediately follows that G^ is a nonnegative function. The fact that X is a local 
submartingale in (0, F, Q) then follows from the dynamics (|7.6p . 

Continuing, fix w G (0,oo). Using the uniform estimates 1 — 1/x 2 < x$(x)/(f)(x) < 1, valid 
for x G (0,oo) (see, for example, [HJ Theorem 1.2.3, page 11]), and the fact that the equality 
exp (2/iz) 4> (z/ ' y/r + H\/r) = 4> (z/ '\/r — (j,\/t) holds for all (r, z) G (0, oo) x R + , we obtain that 

liml inf ( = 2^{zlVr-ju/r) 



t^o \z>w \ <J> (zjyfr - \iyfr) + exp (2/jz) $(z/ x /t + fiy/r) , 
Therefore, (|7.8|) gives lim inf T ^ (inf 2 > w (tG(t, z))) > u; for all w G (0, oo). According to this 
fact and the dynamics given in (|7.6p . on the event { lim inf t-+T{Xj — Xt) > 0} one would obtain 
limt^T Xt = oo under Q — indeed, the drift term in the dynamics (|7.6p would behave like l/(T — t) 
for t close to T, implying that X itself would behave like — log(T — t) for t close to T. However, 
in that case it is clear that \im.t^.T(XJ — Xt) = will hold on { lhjimit^T(XJ — Xt) > 0} under 
Q, since X t < oo holds for all t G [0,T). We conclude that Q[liminf t ^ T (A" t t - X t ) = 0] = 1. □ 

Remark 7.5. When /i = 0, the formulas simplify significantly. In this case, Fq(t,z) = 2$ (z/y/r) 
for (t, 2) G (0,oo) x R + , the function /o : (0, 00) h-» R becomes /o(t) = l/v / 2vrr for r G (0, 00), 
and the function Go appearing in the dynamics (|7.6p is given by 

G (r,z) = ^ {z/ /^ for (r,z)G (0, 00) xR + . 

Upon differentiation, both with respect to the spatial and the temporal variable, it can be shown 
that (0, 00) x R + 9 (r, z) 1— > Gq(t, z) is decreasing in r and increasing in z. This is a very plausible 
behavior: recalling the dynamics (|7.6p under Q, one would expect the drift to increase both when 
X is moving away from its maximum and when the "time to maturity" r = T — t is getting shorter. 

Remark 7.6. It is conjectured that the function (0, 00) x (0, 00) 3 (t,z) i-> G^(t,z) is decreasing 
in r and increasing in z for all /x G R — this was discussed for the case [i = in Remark 17.51 
However, the calculations towards proving such a statement for all \i G R seem quite tedious. 

Remark 7.7. When /1 G (— 00, 0), it is straightforward to calculate 

lim Fu(t,z) = exp(2/iz) = exp(— 2|/i|z) and lim Gu(t,z) = —[i = |/i| for all z G R+, 

as well as lim r _ s . 00 /^(r, z) = — 2/i = 2|/x|. Formally plugging these long-run limits in (|7.4p . (|7.5p 
and (|7.6p . the set-up and results of Example 15.31 are recovered. (To avoid confusion, it is worthwhile 
to note that fj, G (0, 00) of Example 15.31 corresponds to — fi = |/i| in the setting of Subsection 17.21 ) 



ON THE STOCHASTIC BEHAVIOR OF OPTIONAL PROCESSES UP TO RANDOM TIMES 31 

7.3. Last-passage times. Fix x G M and define p := sup{£ G [0,T) | Xt = x}, where one sets 
p = if the previous set is empty. Recalling the definition of the function F^ from (|7.1|) . it is 
straightforward to compute 
(7.9) 

Z t =F[p>t\ F t ] = F fl (T-t,x- X t )I {Xt < x} + F_ M (T-t,X t - x)I {Xt>x} , for t G [0,T). 

In particular, Zq = P[p > 0] = 1 — F s - lgn ^ x ^(T, \x\). Define also the function h^ : (0,oo) i-> M + via 



Upon differentiation, one checks that the function hp is decreasing in r G (0,oo). 

By a straightforward generalization of the Ito-Tanaka formula, one can write Z = N — A, where 
N is a local martingale (with necessarily continuous paths) and A = J Q h^ft — t)dAf (x) . Recalling 
that F[p > 0] = 1 - i ? sig n ( x ) /i (T, \x\), it follows from flU]) that 

(7.10) K t = l-(l-F s]gniz) ^T,\x\))exp(-J h^T - s)dAf (x)V forte[0,T). 

Since L = Z/(l — if), (|7.9p and (|7.10p give a closed-form expression for L. 

Lemma 7.8. For all t G [0, T), it holds that E P [L t ] = 1. 

Proof. As in the proof of Lemma 17.21 it will be shown that Ep [L^] < oo holds for all t G [0,T). 
Since L < 1/(1 — K) and h^ is decreasing, it follows that L\ < exp (h^(T — £)A^ (x)) holds 
for all t G [0,T). Therefore, Ep [Ljf] < oo for all t G [0,T) will follow if it is established that 
Ep[exp(aA^-(x))] < oo holds for all a G M and t G M+. As was the case in the proof of Lemma 
17.21 one may assume that p = in view of Girsanov's theorem and Holder's inequality. Then, 
the properties of standard Brownian motion imply that, for p = 0, the law of A^ (x) under P 
is stochastically dominated in the first order by the law of A^-(O) under P. Furthermore, Levy's 
equivalence theorem on Brownian local time and maximum of Brownian motion |19t Theorem 
3.6.17] implies that the law of A^ (0) under P is the same as the law of Xj under P; the latter is 
also the same as the law of \Xt\ under P, for which all exponential moments are finite. □ 

By Lemma 17.81 and the extension theorem of Daniell-Kolmogorov [19, §2.2A] there exists a 
probability Q on (f2, F) such that Lt is the density of Q with respect to P on Ft for all t G [0, T). 
(Once again, Remark 17.11 becomes relevant at this point.) Since L = Z/(l — K), using (|7.9[) and 
(|7.10p we obtain the dynamics of L as 

dL t _ ( {dFjdz) (T-t,x-X t )_ , (dF^/dz) (T -t,X t - x) 



) (dF^/dz)(F-t,X t -x) \ 

-hx t < x} + F _ AT _ t ^ Xt _ x) hx t>x} ) d (X t - pt) 



Lt V F^{T-t,x-X t ) 

for t G [0, T). Then, a straightforward application of Girsanov's theorem and (|7.2p imply that, 
under Q, the dynamics of X are given by 

dX t = (<?„ (T-t,x- X t ) I {Xt < x} - G_ M (T -t,X t - x) I {Xt>x} ) dt + dtff , for t G [0, T), 
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where W^ is a standard Brownian motion on (Q, F, Q) and the function G^ is defined in (|7,7p . 

Remark 7.9. As was the case in Subsection 17.21 when the Brownian motion has zero drift the 
formulas simplify. In particular, when \i = 0, 

Kt = 1 _( 1 _ 25 (N ? ))exp(--i= j ('- ?f l=dAf W ), f„ rte[ 0,T) 

and, under Q, the dynamics of X are given by 

dXl _ _ 5ign(Xl _ x) (^ fcl^T ) dt + dwf , for , 6 [0 , r , 
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